QCD $\theta$-vacua from the chiral limit to the quenched limit by Mameda, Kazuya
ar
X
iv
:1
40
8.
11
89
v3
  [
he
p-
ph
]  
21
 Se
p 2
01
5
QCD θ-vacua from the chiral limit
to the quenched limit
Kazuya Mameda
Department of Physics, The University of Tokyo, Hongo, Tokyo 113-0031, Japan
Abstract
We investigate the dependence of the QCD vacuum structure on the θ-angle and quark
mass, using the Di-Vecchia–Veneziano model. Although the Di-Vecchia–Veneziano model is a
chiral effective model, it contains the topological properties of the pure Yang–Mills theory. It
is shown that within this model, the ground state energies for all θ are continuous functions
of quark mass from the chiral limit to the quenched limit, even including the first order
phase transition at θ = pi. Based on this effective model, we discuss (i) how the ground
state depends on quark mass, and (ii) why the phase transition at θ = pi is present both in
the chiral and quenched limit. In order to analyze the relation between quark mass and the
θ-vacua, we calculate the chiral condensate as a function of quark mass. Also, considering
the presence of the innate metastable states included in the QCD θ-vacuum, we also give a
unified understanding of the phase transitions at θ = pi in the chiral and quenched limit.
1 Introduction
An SU(N) gauge theory contains the topology which originates in topologically non-trivial ex-
citations of the gauge field. The vacuum structure in Quantum Chromodynamics (QCD) is
directly influenced from such a topology because QCD vacuum is defined by the parameter,
so-called θ-angle, which enters in the QCD action as the Chern–Simons term iQθ (where Q
denotes the winding number of gluon, Q =
∫
d4x g
2
32piF
a
µν F˜
µν
a ). In principle, the actual value of
the θ-angle is so important for investigations of QCD phenomena. (Note that any transition
between different θ-vacua is forbidden in infinite volume.) The CP symmetry in QCD, espe-
cially, depends only on the value of the θ-angle since the Chern–Simons term violates CP . The
θ = 0 case is the most reliable candidate maintained by an experimental result θ ≤ 10−10 [1]
and in fact, phenomena in terms of the strong interaction seem not to break CP symmetry.
Unfortunately, we do not know the theoretical reason why θ = 0 is selected. This is one of the
unsolved problems in the standard model, referred to as the strong CP problem [2,3].
One might wonder if it is necessary to study the topological property in QCD, because of
the fact that the θ-angle is found to have a negligibly small value. Nevertheless, we should
consider the θ-vacuum structure for investigations of QCD since there exists another origin of
the topology in QCD, i.e. the axial anomaly. For example, the η′-meson acquires, through
the anomaly, an extra mass much larger than the mass of other mesons which seem to be the
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pseudo Nambu–Goldstone bosons related to the chiral symmetry breaking [4, 5]. Lattice QCD
simulations confirm that the η′ mass formula gives a value consistent with the observed one. We
have to note here that the mass formula suggested in Ref. [4,5] includes only quantities at θ = 0.
It is indicated, hence, that even if θ = 0, the topological nature of QCD can give contributions
to physics. (It has been also proposed recently that dark energy could stem from the θ -vacuum
at θ = 0 [6–8].)
Among the physics involved with the QCD topology, phenomena with θ 6= 0 are on the
frontier of the most important subjects in QCD. It has been suggested that the θ-angle can take
various values event by event in heavy ion collisions [9, 10]. In other words, the θ-angle in the
collision is considered not as a constant parameter, but a function of space-time coordinates (or
like axion, which is the dynamical field introduced to solve the strong CP problem [11]). Such a
new possibility of the θ-angle leads to interesting phenomena related to the topological structure
of QCD [12–17].
The presence of an experimentally accessible situation with a finite θ-angle gives a strong
motivation for the study of the θ -vacuum. Specifically, there is a need to investigate what
happens when θ = 0 changes into finite values. Indeed for the structure for a finite θ-angle,
the vacuum structure has been the subject of detailed studies over the years, and it has been
shown that the case where θ = pi is of particular importance [18–37]. (See also Ref. [38], which
summarizes works related to the θ-dependence of QCD.) Naively, it might seem that θ = pi is
merely another candidate where QCD is CP invariant, and that there is nothing particularly
special about θ = pi. Nevertheless, θ = pi does give rise to intriguing physics: the first order
phase transition that leads to spontaneous CP symmetry breaking. This is one of the main
points discussed in this paper.
As we have already mentioned, the axial symmetry is deeply connected to the QCD topology,
as well as non-trivial gluonic excitations. We can assume, then, that the quark sector is strongly
affected by this structure originating from the Chern–Simons term. Namely, by an axial rotation
of the fermion field, the θ-dependence moves to the quark mass term from the Chern–Simons
term. This implies that the θ-vacua depend not only on the strong θ-angle but also on quark
mass. Here, the best quantity which explicitly shows the mass-dependence of the θ-vacuum
is the topological susceptibility, χtop(m), interpreted as a function of quark mass. Indeed the
topological susceptibilities in the chiral limit and the quenched limit have quite different forms
as a function of the mass. It is important, hence, that we investigate the mass-dependence of
the θ-vacuum, in order to completely understand the topological nature in QCD. Nevertheless,
the vacuum structure for arbitrary quark mass has not been studied in detail, except for the
chiral theory and the pure gluonic theory. (See Ref. [39], where differences between the chiral
and quenched limit are argued, comparing the cases that Nf = 0 and that Nf 6= 0.) Briefly
speaking, we do not know the vacuum structure for quarks heavier than ΛQCD, and no effective
theory including the θ-angle is known. (In Ref. [40], for example, it is pointed out that effects
of the axial anomaly definitely exist in the heavy quark effective theory, but not method for
calculating these contributions to dynamics is proposed.)
The Di-Vecchia–Veneziano model [41] is one of the simplest, yet remarkable chiral effective
models reflecting the topological properties of QCD, and thus the dynamics described by this
model have been investigated from many points of view [7,10,42–44]. (It is also possible to discuss
a phenomenon related to θ and electromagnetic field B, based on the Di-Vecchia–Veneziano
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model [45].) In this paper, we discuss the θ-vacuum structure from the point of view of the
mass-dependence, within the Di-Vecchia–Veneziano model. In Sec. 2, we mention the relation
between quark mass and the topology more specifically. In Sec. 3, we show that this model is not
a mere chiral model containing the QCD topology, but a more remarkable model that includes
even the features of the θ-vacua in the quenched limit. In other words, the suggestion from this
chiral model is quite pedagogical even for large mass. Based on this idea, in Sec. 4, we calculate
the vacuum energies for arbitrary quark mass. In Sec. 5, by calculating chiral condensate as a
function of quark mass within this model, we reveal the dynamical mechanism of the θ-vacuum,
specifically the role of quark mass in the decision of vacuum states. Moreover, we investigate
the first order phase transition at θ = pi, which is quite beneficial for the understanding of the
vacuum structure as a function of quark mass. It is important, here, that the phase transition in
the chiral limit and the one in the quenched limit seem naively similar, although the dynamics
in two limits are completely different. In Sec. 6, we discuss the origin of such a similarity of
the vacuum structure, on the basis of the degeneracy of the metastable vacua included in QCD
vacuum.
2 Mass-dependence of the θ-vacuum
Quark mass is one of the most important factors when discussing topological properties of
QCD. Let us review the global symmetries in QCD and the axial anomaly here, in order
to reveal the mass-dependence of the θ-vacuum. The classical Lagrangian of massless QCD
with Nf flavors is invariant under the transformations related to the global symmetry group
SU(Nf)L × SU(Nf)R ×U(1)V ×U(1)A. In contrast, in quantum theory, the axial symmetry
U(1)A is broken due to the axial anomaly. Specifically, the measure of the functional integration
of the quark field changes under the U(1)A-rotation with a phase α as Dq → Dq exp(−iNfαω),
where ω denotes the winding number density i.e.,
∫
d4xω = Q. The measure of anti-quark field
is transformed similarly. Thus, by this rotation, an extra term is added to the Lagrangian;
L → L − 2Nfαω. Choosing the rotation angle as α = θ/2Nf, one can cancel the Chern–Simons
term iQθ. In massive QCD, however, the θ-angle remains in the Lagrangian even though un-
der the same rotation, due to the extra factor appearing the quark mass term, which is not
invariant under the U(1)A-rotation; m → me
iγ5θ/Nf . Hence, one can schematically write this
transformation of the QCD action, as follows;
Sθ = S(m) + iQθ
Axial
−→ Sθ = S(me
iγ5θ/Nf). (1)
This means that the θ-dependence of QCD enters only through the factor coupled with quark
mass, and thus the θ-vacuum structure depends not only on θ but also on m.
The mass-dependence of the QCD θ-vacua emerges in typical limits: the chiral limit and the
quenched limit. In these two limits, the topological susceptibility
χtop =
1
V4
∫
d4x〈ω(x)ω(0)〉
∣∣∣
θ=0
, (2)
for example, takes completely different values. Lattice QCD simulation shows that the suscepti-
bility in the pure Yang–Mills theory is a constant; χtop = χpure ∼ (170−180MeV)
4 [46]. On the
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other hand, it is derived that for small quark mass, the topological susceptibility is proportional
to the mass; χtop ∝ m [43]. (This is consistent with the fact that the θ-dependence through the
mass term vanishes in the chiral limit, as shown in Eq. (1).) Since the topological susceptibility is
the potential curvature of the θ-vacuum at θ = 0, the difference of the topological susceptibilities
in two limits actually indicates that the vacuum structure depends on quark mass.
For middle mass, i.e., finite large mass, the θ-vacuum structure is, however, not clear. This
is due to the fact that neither a heavy quark effective model or theory including the θ-angle is
known, and thus there is no method for calculating the physical quantities under the presence
of the θ-angle for heavy quarks, compared with ΛQCD (i.e., c-, t-, and b-quarks). The unclarity
of the θ-vacuum for large mass might be realized if one reconsiders the θ-vacuum in the pure
Yang Mills theory, comparing with the one in the heavy quark theory.
In general, the degree of freedom in a theory is a dynamical field. Heavy quarks do not,
therefore, engaged in dynamics, or the propagations of heavy flavors become negligible as the
masses are increased. This can be rephrased in the language of field theory as follows; the pure
Yang–Mills theory is regarded as the theory after one integrates out heavy flavors. From a naive
calculation, however, this procedure to obtain the pure Yang–Mills theory from QCD would
lead to an incorrect θ-dependence. By the U(1)A-rotation, q → e
iγ5θ/2Nfq, as mentioned already,
the Chern–Simons term can be canceled, and instead of this, the θ-angle appears only in the
mass term. If starting from this axial rotated action, one could integrate out heavy quarks, then
θ-angle also have been removed from the action. However, this θ-independent pure Yang–Mills
theory lies in direct contradiction to the fact that we can obtain the pure Yang–Mills theory with
the definite θ-dependence, starting from the action before the rotation. In fact, as mentioned,
the topological susceptibility in the pure Yang–Mills theory has a finite value χpure.
This inconsistency might be caused by the non-commutativity of the large mass limit and
the regularization of the axial anomaly (which is indeed the case that we shall see the cause
of the non-commutativity for the vacuum state in a later section). This implies, however, that
the heavy quark approximation with the θ-angle is never trivial and the pure Yang–Mills theory
cannot be derived straightforwardly from full QCD. Therefore, we should take care the quenched
theory in the presence of θ-angle. Additionally the non-commutativity imposes us to analyze
more particularly the θ-vacuum structure depending on quark mass. We discuss the dynamical
effect of quark mass in Sec. 5, by the estimation of the chiral condensate as a function of quark
mass.
The physics at θ = pi is one of the most intriguing points in the investigation of the θ-
vacua, and also give a good example that demonstrates the mass-dependence. As mentioned
in Sec. 1, θ = pi is related to the important feature of the θ-vacuum, namely the first order
phase transition [18]. Using, the Di-Vecchia–Veneziano model, which is a chiral effective model
involving the U(1)A anomaly in full QCD, one can see that the phase transition occurs at
θ = pi [20]. It is also suggested that the first order phase transition occurs in the quenched
theory, i.e., the pure Yang–Mills theory by the investigations with the holographic approach [31].
These phase transitions, one in the chiral theory and the other in the pure Yang–Mills theory,
might appear as an inherent feature involving in the θ-vacuum. We should note, however, that
this similarity is never trivial, and indeed that these phase transitions have completely different
underlying mechanics. The phase transition at θ = pi in the chiral effective model results from
the dynamics of meson fields or quarks. On the other hand, in the pure Yang–Mills theory, of
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course, there are only gluons which could trigger such a transition. Additionally, the formations
of metastable states which leads to the phase transitions are definitely different in the chiral
and quenched limits. While in the quenched limit, there are infinite non-degenerate metastable
states, those in the chiral limit are categorized into only few patterns. This difference with
respect to the metastable states implies, hence, that the degeneracy originates in the number
of dynamical flavors. We discuss in Sec. 6, including the point of view of the relation between
dynamical flavors and metastable states, the difference of the first order phase transitions in the
chiral and quenched limit, based on a unified framework.
3 Di-Vecchia–Veneziano model for large mass
The main goal of this paper is to find the the ground state as a function of the θ-angle and
quark mass, based on the Di-Vecchia–Veneziano model [41] given by the following Lagrangian,
L =
f2pi
4
tr
[
∂µU
†∂µU + 2χ(MU † + UM)
]
−
χpure
2
[
θ −
i
2
tr(lnU − lnU †)
]2
, (3)
where fpi is the pion decay constant, χ = −〈q¯q〉/f
2
pi is a parameter given by the Gell-Mann–
Oakes–Renner relation, and χpure stands for the topological susceptibility in the pure Yang–Mills
theory. The first trace part are the first order terms of the chiral perturbation theory and the
second part, including the θ-angle, reflects the axial anomaly. From this effective Lagrangian, we
calculate the θ-vacuum for arbitrary quark mass, following the argument in Ref. [20]. Since the
Di-Vecchia–Veneziano model is based on the chiral perturbation theory, however, only the exact
ground state for small mass is obtained, and indeed in the original work [20], quark masses
are assumed as realistic small values. Therefore it is necessary to discuss the validity of the
extending this model to the case for heavy quark.
For this purpose, it is useful to analyze the topological susceptibility calculated from this
model. For the case of the two degenerate light flavors, namely M = diag (m,m), for example,
the topological susceptibility as a function of quark mass is written as [43];
χtop(m) =
χpurem
m+ 2χpure/f2piχ
. (4)
The mass-dependence of the topological susceptibility is indicated in Fig. 1. Originally, this
relation is derived, based on the discussion in Ref. [20], where the quark masses are light.
However, the derivation of Eq. (4) does not necessarily require that quark masses are light. If
Eq. (4) is regarded as a valid relation even for large quark mass, then one finds that in the
large mass limit, this function approaches to the expected topological susceptibility χpure. This
implies, hence, that the Di-Vecchia–Veneziano model contains the property of the θ-vacuum
even in the quenched limit.
It is not accidental that the Di-Vecchia–Veneziano model reproduces the result in the pure
Yang–Mills theory. The topological property in this model is introduced through the 1/Nc
approximation [41]. In the large Nc limit, quarks are decoupled completely from gluons, and thus
there are no dynamical quarks after integrating out fermion fields. This situation is equivalent
to the one in the large mass limit. The topological property in the large mass limit, therefore,
enters automatically in the Di-Vecchia–Veneziano model.
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Figure 1: The topological susceptibility as a function of quark mass where f2pi/χ = −〈q¯q〉 =
(250 MeV)3. For small mass the topological susceptibility is a linear function of quark mass.
On the other hand, the topological susceptibility for large mass is asymptotically equal to χpure.
The two green lines in this figure denote χtop(m) = mf
2
piχ/2 and χtop(m) = χpure, respectively.
The Di-Vecchia–Veneziano model, therefore, includes the vacuum structure both in the chiral
and quenched limit.
Since higher order mass terms should be considered for large quark mass, the Di-Vecchia–
Veneziano model, which contains only the leading order of mass term, could not be used. Never-
theless, the topological susceptibility Eq. (4) reproduces the result in the pure Yang–Mills theory.
In addition to this, in Sec. 4, we will find that the θ-vacuum state calculated with the Di-Vecchia–
Veneziano model in the large mass limit becomes exactly the same form as the one obtained in
the pure Yang–Mills theory. In this sense, the Di-Vecchia–Veneziano model can be regarded as
the simplest model which satisfies both boundary conditions: the topological properties in the
chiral limit and the quenched limit. Then we emphasize that the Di-Vecchia–Veneziano model
is quite pedagogical for the investigation of the θ-vacuum structure, and at least, the vacuum
for sufficiently small and large mass can be obtained correctly from this effective model.
4 Analysis of the model
In this section, we consider two quarks with degenerate masses i.e., M = diag(m,m). For the
ground state energy, the dynamical field should be written as U = diag(eiφu , eiφd). The potential
part of Eq. (3) can then be reduced to the following simpler form;
V (φu, φd) = −f
2
piχm(cosφu + cosφd) +
χpure
2
(θ + φu + φd)
2, (5)
which leads to the set of equations of motion
f2piχm sinφi + χpure (θ + φu + φd) = 0, i = u, d. (6)
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The set of solutions which could give the ground state are φu = φd − 2pik = φ, where k is an
integer since Eq. (6) implies sinφu = sinφd. (Another type of solution, φu = (2k− 1)pi−φd = φ
never gives the minimum energy.) Then the equation to solve becomes
f2piχm sinφ+ χpure (θ + 2pik + 2φ) = 0. (7)
Especially, in the chiral and quenched limit, this transcendental equation can be solved analyt-
ically, and the solutions read
φ(θ,m) =


−
θ + 2pik
2
+O(m) (small m)
−
χpure
f2piχm
(θ + 2pik) +O(m−2) (large m),
(8)
which give the potentials in these limits:
V (φ, φ + 2pik) =


−2f2piχm cos
(
θ + 2pik
2
)
+O(m2) (small m)
−2f2piχm+
χpure
2
(θ + 2pik)2 +O
(
m−1
)
(large m).
(9)
Note that the potential V (φ, φ + 2pik) is a candidate of the true ground state energy. In
other words, V (φ, φ + 2pik) is regarded as the potential of a metastable vacuum state labeled
with an integer k, and the true vacuum energy is given by mink [V (φ, φ+ 2pik)]. (In Sec. 6,
we will give a detailed discussion concerning these metastable states.) As shown in Ref. [20],
the vacuum for small mass is decided by the competition between two metastable state with
even k and the one with odd k. On the other hand, we also obtain the same result as the
one derived from the holographic approach [31]; the vacuum of the pure Yang–Mills theory is
determined by the minimum of the parabolic functions, i.e. mink(θ + 2pik)
2. As mentioned in
Sec. 3, the Di-Vecchia–Veneziano model is based on the chiral perturbation theory, and thus
naively it might seem that this model cannot be directly applied to cases where quarks are not
light. Nevertheless, we stress that our extension of this model is validated because the vacuum
in the pure Yang–Mills theory is derived within this model. Additionally, if this model can be
used even for arbitrary quark mass, we obtain the vacuum energies as a function of quark mass
and the θ-angle, from numerical calculation of Eq. (6) (see Fig. 2). This figure shows that the
Di-Vecchia–Veneziano model gives the θ-vacua as a continuous function of quark mass, and that
it reproduces the characteristic first order phase transition at θ = pi (mod 2pi), unless quarks
are massless.
We understand why the vacuum energies for small and large mass are described as different
functions of the θ-angle, considering the structure of Eq. (7) and its solution Eq. (8). As mass
increased, the solution φ(θ,m) becomes much smaller, and eventually approaches to zero, as
described in Eq. (8). In other words, quark mass plays the role of fixing the dynamical meson
field U to unity. In this sense, we find an answer for the question raised in Sec. 2: the reason why
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Figure 2: QCD vacuum energy as a function of the θ-angle and quark mass. The θ-vacuum
structure indicates that there are phase transitions at θ = (2n− 1)pi unless quarks are massless.
Here, we expressed V˜ = V + 2f2piχm instead of V so that the θ-dependence appears more
clearly. Also we chose the parameters as fpi = 93 MeV, f
2
piχ = −〈q¯q〉 = (250 MeV)
3, and
χpure = (170 MeV)
4.
the pure Yang–Mills theory with the Chern–Simons term iQθ cannot be obtained by integrating
out the U(1)A-rotated heavy fermion field e
iγ5θ/2Nfq. Namely, for heavy quarks, a change of the
phase of U , such as an axial rotation, is prohibited energetically because such a transformed U
does not minimize the potential energy.
At the end of this section, we comment about the periodicity of θ. Any physical quantity
should be a function with the periodicity under the transformation θ → θ + 2pi. We have to
note that the periodicity of θ is necessary not for the energy of a metastable state, but for the
vacuum energy. In fact, its potentials Eq. (9) are not such periodic function. The periodicity
in terms of the vacuum energy is verified, if one notices from Eq. (7) that the transformation
θ → θ + 2pi is equivalent to the change of an integer k into k + 1. Therefore, the vacuum
energy given by mink[V (φ, φ + 2pik)] does not change under the transformation k → k + 1, or
equivalently θ → θ + 2pi.
5 Chiral condensate
As well known, the chiral condensate with a finite θ-angle becomes a complex value, because
under the U(1)A-rotation with the angle θ/2Nf, the mass term is transformed as
mq¯q → mq¯eiγ5θ/Nfq
= mq¯q cos(θ/Nf) + imq¯γ5q sin(θ/Nf).
(10)
Since in our argument, chiral condensate is regarded as tr U with phases φu and φd, its real
part (or σ-condensate) and imaginary part (or η-condensate) can be obtained directly from the
solution φ(θ,m) for the minimized equation Eq. (7);
Re〈q¯q〉θ = 〈q¯q〉 cosφ(θ,m), Im〈q¯q〉θ = 〈q¯q〉 sinφ(θ,m), (11)
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where 〈q¯q〉 stands for the chiral condensate for θ = 0. The mass- and θ-dependences of the
condensates are shown in Fig. 3. From the chiral condensate as a function of quark mass and
the θ-angle, we confirm again the contribution of mass to the θ-vacua, and also obtain a new
suggestion in terms of the θ-dependence of chiral condensate. As discussed in Sec. 4, the solution
φ(θ,m) for large mass is fixed to zero. As a result of this, the imaginary part of the complex
chiral condensate ∼ sinφ(θ,m) is suppressed for large quark mass (see the right panel of Fig. 3).
This means that the complex chiral condensate, even for finite θ-angle, becomes a real value
in the large mass limit. In other words the complex chiral condensate is also fixed to the real
direction on the chiral circle, due to the effect of large mass. Besides, based on such a fixation
mechanism of the chiral condensate, we can obtain another reason why taking the quenched
limit after the axial rotation Eq. (10) leads to an incorrect action without the topology. Namely,
the real direction of chiral condensate on the complex plane is most favorable, and thus the axial
rotation in the large mass limit is energetically forbidden.
For light quarks, we also find the typical behavior in Fig. 3. As long as quarks are light
enough, the θ-dependence of the imaginary part remains because there is no energetic restriction
of the axial rotation. Moreover, the singularities in Fig. 3 are related to that of the potential
Fig. 2. Indeed it is pointed out that the Numbu–Jona-Lasinio model leads to such a singularity
of chiral condensate at θ = pi [33] (see also Ref. [29], which gives a similar discussion of the
massive Schwinger model).
Based on the periodicity of the θ-angle for the vacuum energy, we can check that for the
chiral condensate. As mentioned in Sec. 4, the vacuum energy given by the true solution for
Eq. (6) is a periodic function of the θ-angle. This implies that the true solution should also
be periodic under the transformation θ → θ + 2pi. On the other hand, the chiral condensate is
also determined by such a solution, through Eq. (11). Thus, the chiral condensate is, actually,
periodic under the transformation θ → θ + 2pi.
6 Metastable states
In this section, we discuss metastable states that are the origin of the first order phase transitions
at θ = pi. In order to do this, first we review a remarkable work related to the nature of the
metastable state in QCD [47].
The QCD partition function including the θ-angle can be written in the following form,
Z(θ) =
∑
Q
ZQe
iQθ =
∑
Q˜
f(Q˜)eiθV4Q˜. (12)
Here, we introduced the topological charge density Q˜ = Q/V4, and V4 denotes the four di-
mensional volume. (Note that we used and will use some different notations from those of the
original paper.) This partition function, taking the large volume limit i.e., Q˜ → x, gives its
continuous version;
Z(θ) −→
V4→∞
Zc(θ) = V4
∫
dxf(x)eiθV4x. (13)
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Figure 3: θ- and mass-dependence of the complex chiral condensate. For both the real and
imaginary part of the condensate, there are singularities at θ = pi. The same result is pointed
out for small mass in Ref. [33]. These condensates for large mass do not depend on the θ-angle,
and especially the imaginary part is suppressed. This is because the phases of meson field U , i.e.
φu and φd are fixed dynamically to zero for heavy quark mass. Therefore, the chiral condensate
for large mass is fixed to the real value 〈q¯q〉 even if θ 6= 0.
Then using the Poisson summation formula, one can obtain the relation between Z(θ) and Zc(θ)
as
Z(θ) =
∑
n
Zc(θ + 2pin). (14)
This relation implies a physical meaning of the integers n. In the large mass limit, the sum in
Eq. (14) may receive only one dominant contribution, and thus the QCD ground potential takes
the following form;
Ω = −
1
V4
lnZ(θ) −→
V4→∞
min
n
[
−
1
V4
lnZc(θ + 2pin)
]
. (15)
In this sense, Zc(θ + 2pin) is regarded as the partition function of the metastable state labeled
by n. Note that an integer n has nothing to do with the label related to topological vacua, i.e.
Q or x. Indeed the partition function of n-state includes the contributions from all topological
vacua, as shown in Eq. (13).
In this context, let us consider CP symmetry. Similarly to the partition function Eq. (14),
the topological charge density, which is the order parameter of CP symmetry, is also given by
the sum of the contribution from each metastable state;
〈Q˜〉 =
∑
n
〈xn〉, 〈xn〉 =
V4
Z(θ)
∫
dxxf(x)ei(θ+2pin)xV4 . (16)
The topological charge density 〈Q˜〉 should vanish at θ = pi because there is the CP symmetry
for θ = pi. In fact, although each 〈xn〉θ=pi my be a finite value, all adjacent pairs cancel out;
based on the definition of 〈xn〉 in Eq. (16), we can check 〈xn〉θ=pi = −〈xn−1〉θ=pi. In the large
volume limit, however, CP might be broken. This is because for large volume, only one dominant
metastable state remains in the sum Eq. (14) and so in Eq. (16). It is possible, hence, that the
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total topological charge density 〈Q˜〉 becomes finite, as long as that in the dominant state is not
zero. We note that a dominant metastable state is selected by the value of the θ-angle. Suppose
that the n = 0 metastable state is dominant for 0 ≤ θ ≤ pi (at least, it is dominant for small
θ since all the others are suppressed by the phase factor ei2pinxV4). In this case, the n = −1
state also becomes dominant for pi ≤ θ ≤ 3pi. Thus, θ = pi could be the boundary between the
phases dominated by the n = 0- and n = −1 state. This is the main idea of origin of the phase
transition at θ = pi. In the upper parts of Fig. 4 and Fig. 5, these domains are shown.
For the investigation of the metastable states in the Di-Vecchia–Veneziano model, we men-
tion the following three remarks (the first and second are actually connected to our discussion).
First, each domain does not have to be physically different from each other, and even if several
phases are equivalent, the phase transition might occur at θ = pi. For example, suppose that
all the phases dominated by an odd n-state are equivalent and so are all the phases dominated
by an even n-state, and that these two types of domains are different. Namely, there are two
independent phases. Then the phase transition at θ = pi exists since θ = pi is the boundary
between different phases dominated by the n = 0- and n = −1 state. Secondly, even if one
takes the large volume limit, the phase transition at θ = pi does not always occur. There is no
phase transition at θ = pi, for example, if the n = 0 and n = −1 state are physically equivalent.
Hence, there is the first order phase transition at θ = pi only if 〈x0〉θ=pi 6= 〈x−1〉θ=pi. Finally, we
also have to note that the aforementioned mechanism of the phase transition is rather general,
except for an assumption that the n = 0 state is dominant for 0 ≤ θ ≤ pi. In other words,
even for the Di-Vecchia–Veneziano model, the origin of the first order phase transition at θ = pi
should be explained, considering the innate metastable states included in QCD.
Next we analyze the relation between quark mass and the metastable states. In the pure
gluonic theory, the energy density of the θ-vacuum is given by [31],
E(θ) ∝ min
k
(θ + 2pik)2. (17)
From the viewpoint of the metastable states, this energy configuration means that the integer k
in Eq. (17) corresponds one-to-one with the label of these states, n in Eq.(14) (see Fig. 4). We
can confirm directly, thus, that the phase transition for large mass is caused by the metastable
states. On the other hand, for small mass, there are only a few types of the metastable states [20].
Indeed Eq. (9) shows that the potential energies for small mass are separated by the two types
corresponding to odd k and even k. More generally, the true vacuum for the Nf light flavors
case consists of Nf types of potential, and the vacuum energy is given by
E(θ) ∝ min
k=1,··· ,Nf
[
− cos
(
θ + 2pik
Nf
)]
. (18)
Since k never coincide with n in Eq. (14), it seems naively that the phase transition for light
mass should be interpreted as physically different from that in the pure Yang–Mills theory. The
phase transition can also be explained by the metastable states, however, if we consider that an
infinite number of metastable states are degenerate (see Fig. 5). Namely, the phase transition
for small mass results from the degeneracy of the metastable states;
{
n = 0,±1,±2, · · ·
}
−→{
k = 1, 2, · · · , Nf}.
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Figure 4: Interpretation of the phase transition in the pure Yang–Mills theory, based on
Ref. [47]. In this case, all the domains in the upper figure correspond to each parabola, and
the metastable states are labeled by integer k in Eq. (7). The phase transition θ = pi for heavy
quarks results from the infinite parabolic energy functions.
Here, analyzing again the equation of motion of the Di-Vecchia–Veneziano model, we can
clarify the structure of the degenerate metastable states. If we suppose that all flavors are light,
the solution is given approximately by the simple equation of motion
θ +
∑
i
φi = 0, (19)
so that the topological term ∼ (θ +
∑
i φi)
2 in the potential should be very small. Considering
heavy quarks together with light ones, however, Eq. (19) should be changed. For example, let
us assume that there are one heavy flavor named φ1, and two light flavors, φ2 and φ3. As we
see in Sec. 4, the heavy flavor φ1 is fixed to zero so that the mass term becomes small. The
equation of motion to solve, therefore, is rewritten as
θ + φ2 + φ3 = 0, φ1 = 0. (20)
As a result, the θ-dependence is determined only by the two light flavors. As shown in Fig. 6,
this is equivalent to the case that there are only two dynamical flavors. The degeneracy factor
of the metastable states is equal not to the number of the flavors included originally in theory,
but to that of dynamical quarks.
The above discussion leads us to an interesting result for the one flavor case. From the
viewpoint of the degeneracy of the metastable states, there is no phase transition for the one
light flavor case because all adjacent regions are dominated by the same metastable states. On
the other hand, since the potential in the large mass limit is given by Eq. (17) independently
on Nf, there appears the phase transition at θ = pi. For Nf = 1, this implies the presence of a
new transition (strictly speaking, a crossover) between two phases in terms of the absence and
the existence of the spontaneous CP breaking at θ = pi. If the solution φ1 = φ(θ,m) has the
singularity at θ = pi, the spontaneous CP breaking occurs at θ = pi. In Fig. 7, therefore, we can
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Figure 5: Degeneracy of the metastable states for light quarks. The true vacuum energy Eq. (18)
for Nf = 2 consists of only two energy functions: − cos (θ/2 + pi) for k = 1 and − cos (θ/2) for
k = 2. All the metastable states labeled by odd (even) n degenerate as the k = 1 (k = 2) states.
Figure 6: Metastable states under the presence of three light flavors (Left), and one heavy and
two light flavors (Right). Because heavy flavor is fixed to zero, as mentioned in Sec. 4, only the
light flavors contribute to the equation of motion. As a result of this, the vacuum energy of the
case described in the Right panel is equivalent to the one for Nf = 2. One can confirm from the
example, therefore, that the degeneracy factor of the metastable states is determined not by the
number of flavors included in the theory, but the one of the dynamical flavors.
confirm such a new phase transition, from the discontinuity of φ1 = φ(θ,m) at m & fpi. The
same result is argued in Ref. [25, 26].
7 Conclusion
We showed in this paper how quark mass contributes to the QCD θ-vacua as a function of the θ-
angle and quark mass, within the Di-Vecchia–Veneziano model. The discussions in this paper are
based of a new interpretation that the physics even for large mass is described by the Di-Vecchia–
Veneziano model. This is confirmed, for example, from the fact that the topological susceptibility
computed within this model reproduces an expected result for large mass; χtop(m)→ χpure. First
of all, we investigated the effect of heavy quark to the θ-vacuum state, calculating the potential
energy of the vacuum. Then we found that the phase of the meson field minimizing the potential
is fixed to zero. As a result of this, any axial rotation for large mass is forbidden energetically.
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Figure 7: Classical solution of the one flavor Di-Vecchia–Veneziano model as a function of the
θ-angle and quark mass. For small mass, the solution is a smooth function of θ, and thus
there is no phase transition related to the variation of the θ-angle. As mass increased, the
discontinuity at θ = pi, however, appears in the vicinity of m ≃ fpi. This shows the existence
of the crossover between the phases in which the CP at θ = pi is restored (for small mass) and
broken spontaneously (for large mass).
This argument leads to the mass dependence of chiral condensate; as mass increased, the chiral
condensate after the axial rotation, i.e., 〈q¯eiγ5θ/Nfq〉 is fixed to the real direction on the chiral
circle.
We analyzed the innate metastable states included in the QCD θ-vacuum (these are different
from the topological vacua labeled by the Chern–Simons number). In the Veneziano–Di- Vecchia
model, there are basically infinite solutions for the classical equation of motion, and each solution
is labeled by an integer k. In the quenched limit, all solutions give different potential energies,
and thus the vacuum is decided by the infinite metastable states. In contrast, there are only Nf
solutions in the small mass limit. As a result, the vacuum state for small mass consists of Nf
metastable states. The reduction of the number of the metastable states as quark mass decreased
implies that dynamical quarks play an important role leading to the degeneracy of the metastable
states underlying full QCD. Indeed, we checked that for Nf = 1, a unique metastable state in the
small mass limit is split into a number of metastable states, as mass increased. Additionally, the
phase transitions at θ = pi for small and large mass are also interpreted uniformly; for arbitrary
mass, θ = pi is the boundary between the two phases dominated by different metastable states.
Finally, we stress that a thorough investigation of the property of the θ-vacua, especially in
regard to the mass-dependence. For example, we need to discuss the heavy quark effective theory
with the θ-vacuum taken account into. Such an approach might give supports for our calculation
based on the Di-Vecchia–Veneziano model. At the same time, the numerical method instead of
lattice QCD simulation, which does not work for finite θ-angle, also has to be performed for the
study of the θ-vacuum structure [48,49]. Besides, combining this new effective theory with the
locally P and/or CP violating domains in the collision [9,10], the discussion of the θ-dependence
for large mass would be quite fruitful for the heavy flavors, which are the important probes in
order to identify the initial state of the relativistic heavy ion collision. Conversely, from a new
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actual estimation of the energy loss of the heavy quark jet [50, 51] with consideration of the
θ-vacua for large mass, one could obtain some information of the locally P and/or CP violating
bubbles in the collision.
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Benic for valuable discussions. The author also thanks the Yukawa Institute for Theoretical
Physics, Kyoto University, where this work was developed considerably during the YITP-T-13-
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